Elektrinis dipolis

Tokios sistemos elektrinis laukas ir potencialas:

=l

- 0 o

+q o0 )2 =P §(Das)=0

¢ 4negr 4ner S
Prisiminus, kad: E = —grado

divE = —divgrade = —Ag
jpdv =g, j divEdV = j(g EdS)=0
Y v S

Turim sprest Laplaso lygti:  Ap =0
Spresdami lygti suZinome, ar gaunasi tas misy dipolis.
¢ =f(r)F(Oa) - Laplaso sprendinys kaip dviejy f-ju sandauga
SprendZiam sferin¢j koordinaciy sistemoj:
2
- 1 sin@g(rza—(p)+£(sin®a—(pj+ , 12 0 (lz) = A = divgrade = 0
r°sin® or or) 00 sin” © da.
Jei laikom, kad r # 0, tokioj erdvés daly gaunam:

2
8(r28_(pj+ ! i(sin@‘a—(pjﬁt ! a(p—O

or\ or) sin® 60 00 ) sin’® da’
2
Fg(r2§j+f .1 i(sin@)a—Fj+f - 12 0 lj =0
or or sin® 00O 19,C) sin”~ © oo
o( ,of . . .
—|r—|=C-f; f#0; —  suprastinam nuos sios funkcijos
or or
2
a4 r2£ =2r£+r2£=C~f; f=A 1
dr_ dr dr dr’
A2 4210 -1 )=C A, 1!
C=1(1+1); Tikrine funkcija —f, = A, -r'

Funkcija yra antros eilés, todél bus ir 2 sprendiniai. leSkosim antro sprendinio:

[F0+D)[-(+1)+1]=1(1+1)

. 1
Bendras sprendinys: f, = A;r' + B, —

f2 — B1 _r—(1+1) 1 I_1+1
Tegul=0,1,2, ...
Kail=0:
B, B . . .
f,=A,+— = F=const = ¢=C+— — Gavosi taskinio kruvio potencialas
r r

Kai | = bet koks:

2
Alfl(Fl(1+1)+ 1 i(sin®a—Fj+ 1 aFJ:o

sin® 00 00 ) sin’@ da’
f, #0; - 1S jo suprastinam
2
'1®%(Sin®%j+ - 12 2—E+I(I+I)F:O
JSin sin” @ o
V

Sprendziam Sita lygti




(2 +12 +12 JF =10+ DF
.0 0

[ =x2 _y9
=~y T ox

)48}
’ 0y dy =~ 0x

F(®,0) =0(3)-a(a) - Sita sprendinj surasom { ta lygti
Po apdorojimy gaunam:
2
L1 i(sin®d®(9)j+— L d7ol®) g4y =0
O(9) sin® dO dg

asin’® do?

2
sin @i(sm 0 d®(8)j oL Y g sin@ =0
O(9) de ds a(a) do’
. J \
(priklauso nuo ©®) =-m’
2 .
d"ol@) _ const - a(a); a(o) = e MY
da
m=0,1,2,3, ..,
=1, -(1-1), 0, I-1, 1
dzoc(oc) s
=-m-o(a
e (o)
! sm@ﬂ[sin %] —m® +1(1+1)sin*®@ =0
0(9) de d®
Atliekam pakeitima:
X =cos® d—X=—sin®
de
do(9) _do dx _ sin® dO(x)
de dx dO© dx
Gaunam:

sin@%(sin(a%j +fia+1sin?@-m*p(9) =0

—sin2®£([ ®d(:)1i )j +fia+nsin? @-m*ox) =0

[sin2®=1—cosz®=1—x2]

(1—x2)di{(1— )d®(x)} +ia+na-x*-m>ex) =0
X

2

d d

d_{(l - xz)d—®(x)} + {l(l +1)— " o > }@(X) =0  — Prijungtiné Lazandro lygtis
X X

P (x) - Lazandro polinomai; jo lygties sprendiniai

Plo =cos®

1

Pll = _Pl_ = —Sil’l ®

F(®,a) - sferinés f-jos




F(O,0)=Y,"(0,a)

0 3
Y, (®,0) =,—cos®
1 ( ) 4

| 1 3 . +i
Y, (©,0)=-Y,(©,0) = gsm(a-eﬂa

Kail=1:
m=0 @10 = Bjorcos®
m=1 011 =B11rsin®ei°‘
m=-1 @1.1 =Bj_jrsin @c
Kai —(1+1) = -2:
cos®
m =0 ¢-20 = B0 —
m =1 ©.21 =B_p; 0 gia
rZ
m=—1 ¢®.2.1=B_o N9 ia
) I‘Z
= B_, (- = e .
E =—gradop_,, = ;;O(ro 2¢c0s® + O, sin G)) - elektrinio dipolio elektrinis laukas
r
Pereinant prie Dekarto koord. sist.:
r=rcos®
¢, =B,z - pastovus laukas, nukreiptas z aSies kryptimi

E,, =—gradp,, =-B,,z,




Herco vektoriai

a OA . o
E = —gradp —— divA +e,u,—=0
gradg ot oMo at
]? - rot:A . P — elektrinés poliarizacijos vektorius
D=¢,E+P M — imagnetéjimo vektorius
=L B-M
Mo
rotH = —+j divB = 0
Maksvelo lygtys: -
= oB .=
rotE = — divD =p
ot
1 - - O( = =) =
rotf —B-M |=—I|g,E+P)+
(“o J 8‘[( ' ) : |M0

_ - OE 0P -
rotB — u,rotM = g, —+— |+
Mo Ho[ 5t &j Kol

. OE 0P VI
rotB =¢,u, E+ [T §+ porotM + g

rotE = 9B
ot

divB =0

.= 1 .= 1

divE = ——divP +—p
) €

[divﬁ = g,divE +g,P = p]

g @+@+roﬂ\7[+q’
Ko o ot J

:806—E+6—P+r0tl\7[+j -
ot ot

a

OE . ) .
€ — - slinkties srovés tankis

ot
oP C . .
r - poliarizacinés srovés tankis
rotM - Imagnetéjimo srovés tankis
] - laidumo srovés tankis
divP - poliarizacinio kriivio tankis

IeSkosim elektrinio ir magnetinio vektoriy:
7, - elektrinis Herzo vektorius

apibendrintas srovés tankis

T, - magnetinis Herzo vektorius




€0
~ on I
=Wo——+—Trotn
€0

o op . 0. | 1 0, -
divA +¢ — =podiv—n, + —divrotn,, ——¢ —divi, =0

OHOat Ho o e £ m & OHO& e
Gavom, kad Lorenco salyga tenkinama tapatingai.

%, 1 0

=1 - -
E = —graddivi, —p 5 T oty
€0 ot €0

= 0 . 1 _
B = pg —rotn, + —rotrotw,,
ot €0
Pasinaudoje tapatybe [rotrotﬁ = graddiva — Aé], gaunam:

2-
- 1 - 1 - | B - 0
E = — rotrot,, ——grotnm +—| ATt, —goMo Te
€0 €0 ot €0 a‘[z

= 1 ~ on
B = —rotrot7 ,, + MOrOtWS

€0
PerraSom taip, kad biity tik gradientai:
2.
- 0
E= Lgraddiv?re —Ho T;e - Lgrotﬁm
€0 ot €0

2= 2=
1 . 0 1|, - 0 _
B = —graddivit,,, — TCZm ——| Aty —€olto nzm + uorotgne
€0 at” €0 ot ot

Ne visada B galima ieskoti kaip gradienty. Tada reikia Zinoti ar Laplaso operatorius yra lygus
nuliui.
Reikiarasti T, ir 7, :

— —

rotH="—"+j divB=0
ot

rotE = 9B divD = p
ot

. oA

E =-gradp-—

gradg ot
B= rotA

diVl:Z:—L13+Lp
€0 €0

. 0%

div| ATt, —ggltg T;e

ot

J = —divP + p
. E - 0P -
rotB = €9 — +rotM + —+
HO( 0 ot ot JJ
[rotgrade = 0]

%%

of °fe | 1 B op _
HO_(Ane —&gHo ;J——m{mm —€gHo ZmJ=Mo—+Mor0tM+MoJ
ot ot ot ot

€0

Apribosim:  j=0; p=0 - kurnéra sroves ir kriivio tankiy




R
ATt —gglg 8;6 =—P +rotQ

2
0 1 - 0 ~
——rotQ ——rot| AL, —€qlg "m |- worotM
ot &g ot>
B} 07, - 8Q
ATty —€0Ko =—80M0M—805—Sograd\lf
. oA
Kadangi: E =—grado T oot tai:
B =rotA
3 e - -
ATEe—So}J,O 5 =-P+B
ot
G

ATty — &9k atzm =—gouoM +ggE

Q - bet koks vektorius

Hiugenso principas




Vektoriy Pir M fizikiné prasmé

Priklausomybés nuo laiko néra. Tada:

= - 1 .. 1 -
E= Lrotrotne +—ARn, = —graddivn,

€0 €0 €0
-1 ~ 1 - | -
B = —rotrotn,,, = —graddivn,, ——AR,
€0 €0 €0
AR, =P e =Z0Me
ATty =—€oHoM Tm =ZT
Aﬁ?e = AZORG = ZOAne = —f’ = _ZOPO
Ame =—pg(r)
Po
Ame =-8(1)pg Me ="
4mr
= _Zopo - _Zomg
Mo =— Ty = €
°  Anr m 4mr of
Sferinéj koordinaciy sistemoj:
Zog =Ty cos®—0Osin® divzgm, = m.divz( + (Zpgradn,)

graddivr, = grad(zgradm,)

(Zogradm,) = (1) cos® — (:)0 sin ®)gradn, = (fo cos® — @0 sin O, gradf_oj _
nr

- =~ . —Z C
:(ro cos® -0 sin @, ZOF;O]:_PO coz

4mr 4mr

E=_Po (2?0 cos® — @ sin @)

dmegr

- 1 N -

E = —rotrotr, — 7 @PO
€0 €0

Lro‘urotio Po __Po (2?0 cos® — @ sin G))
€0 4t 4meor

Vadinasi dipolio elektrinis laukas yra:
E=—Po (2f0 cos®-0, sin@)—z—(’éi(r)p0

3
4me,r €

= 1 ~ 1 - |
B = —rotrotn ,, = —graddivii,, —— Am,

€0 €0 €0
-1 - 1 . | R
E = —graddivr, = —rotrotn, + — AT,
€0 €p €o
fo =7 o o =2 —
¢ 0 gy ™m0 g

1 - 1 - 1 - =
—rotrotn, = — graddivr, =—(2r0 cos® -0 sin @)
€0 €0 4negr




= p
A, =2 A— AT, =ZgA——
0 4mr € 0 4mr
- p .1 . - m 1
A, =7g—A— An, =729 —A—-
m 0 4 r © 0 4t r
Aﬁm = _'SOHOM Aﬁ?e = —SOP
Laplaso operatorius veikia l:
r
2
Al= 5 1 sin@a(r : 01 +i in@ilj+ .1 621
r r°sin® or orr) 00 00r) sin®da” r
L2
orr 1’
Al b e, » NETEISINGA, nes
r r’sin® or r? negali biit lygu nuliui

AldV = divgradl =p
r r
1 . 1
IA—dV = J.dlvgrad—dV = I
r r
A% A% A%
1 8(p

op =
radp =1y —+0
s 0 or O 8@

- 1

21T

- j j izrz sin ®d@da = 27
00f

—

r sin @d@da]

p = —4nd(r)
[8C0f(x)dx = £(0)

AR,

[8(r) = AT,

(2?0 sin® + O sin ®)+

pdV = if;(grad(pdg)

S
Lo o1 5101 o 1 a1
rsin ® oo orr ro®r sin® oa r
0<O<n dézfor sin®do® |
0<a<2n (fyTy ) =1

T
[sin©de = 21 cos O] = 2m(~1-1) = ~4n
0

= —Topd(r)

Zopd(r)
€0

= —8013

Tegu turim bet koki tiirj ir Sitam turyje yra:

N
Zo Y, pid(r)
i=1
Paimam Vidurki'

Z0— IZP@(T WV =z —zpl =7oP

Vll

P - galima fizikiné prasmé — tiirio vieneto vidutinis dipolinis momentas




D) W= [k

¢, ¢, p(r) py(r,) p=p,t+tp, ©0=0,+09,

W =%£(pcp)dV =%i(p1 +p2)((P1 + O, )dV =
= %i(plcpl)dV+%£(pchz)dV+%l(p1<pz)dV+%£(pchl)dV

1 1
W, = EJ-(pl(PZ )dV+§£(p2(Pl )dV

%
1 p,,dV(r')

dme, ‘r - rl’z‘

P

Saveikos energija:
L PP, ()AV,(n) | 1 ep,()p, )V, (1)dV(n)
W12=_J.I11—%2—»11+_J..[221—1»—»11 1
2VV |I'1—r2| 2vv |r2_r1|
W, = Ip1(P2dV1 = Ipz(l)ldvz
\% \%
o) o(2) W=qo()-qe(2)
tq  0(0) q R
4’—’ 1
11 2 o(l) = cp(0)+[§gradcpJ

0(2) = 0(0) - E gradcp]

W = qg(0) + q& grad@] ~qp(0) + q(% gradcpJ - (ql gradp)= ~(PE)
= W =+(PE)

Kodél gali biti ir ,,+“ ir ,,-“
Tegu turim kondensatoriy:

Co C . q
€ U

C>C, W=—CU’==qU
2 2
q=const; W(0)-W(e) = %q(U0 - U) >0
U=const; W(0)-W(e)= %U(q0 - q) <0

@[(3?0 (%)~ P2 )P ]= @[3(}31?0 ¥6.5) - (5,5, )]

Saveikos energija stipriai priklauso nuo Zenklo (plius ar minus). Dipolis yra dviejy lygmeny
sistema.

W, = (131E2): (132E1 ):




Kokia jéga veikia dipolj patalpintq | iSorinj elektrinj laukq

tq -q E(l) =E(0)+ E grad]l::
E(2) = E(0) - E gradJE

F= qE(l) - qE(2) = qE(0)+ q[% gradj]:: —qE(0) - q(— % gradj (ql grad)E grad)

Dipolio neveikia jokia jéga. Jéga veiktuy, jei buty nevienalytis elektrinis laukas.

F = (pgrad)E
7. i T T e
N= q{EE(l)} - q{EEQ)} = q{z E,+= 5 (i grad)E} L E —5(1 grad)E}} = [atE, |=[5E,
N= [ﬁlﬁo]
B=c,E+P
Saveikos energija:
Wy, = (PE Wy = (MB)
1Ed = (pgrad)]:: lem = (mgrad)ﬁ
13 = (8 - SO)E
i-lp-m-ls M{i—lj*

Lo Q Ho M
IEd =(e—gg )(Egrad)]::; IEm = [L - lJ(Egrad)ﬁ

Ho H

Pasinaudojam tapatybe:

grad(ﬁb) [a rotb]+ [b rota]+ (bgrad)é agrad)b
a=b rotd = rotb = 0

grad(ad ) = 2(agrad)a

Fa=2(o- &0 Jerad(FE) = ;(8 - SO)grad‘E‘z

Fm = %[%jgrad(ﬁﬁ) = ; (HMH}:)O ]g ad‘B‘

l\.)




Nuostovusis elektromagnetinis laukas

Tai elektromagnetinis laukas, kuriame néra priklausomybés nuo laiko.

rotﬁz%)+3:j; %:0
rotE = B =0 D =¢E
ot
divB=0 B =uH
divD = p j=oE
rotH = |
rotE = 0
divB=0
divD = p
%+ divj =0 divj =0
[aiviav = [(Gas)=[(aS, )+ [(.a8, )+ [(5aS,)
\% S S, S, Ss
I+1,+1,=0
- ~ \ I Kirchhofo désnis
E =—gradp+E,
rotE = 0 3 =oE
IR, = —j (grad(pdi)+ j(ﬁpdf)
\1 JA )
Y Y
Ui Uip

IR, +LR,+LR,=U,+U,;+U,;+U,,+U; +U,,
U,+U,+U; =0
LR, +LR, +L,R; =U, +U,, +U,, —— Il Kirchhofo désnis

Krastinés salygos:

le_] = 0 Bln = an _] = GE
divB =0 jln = Jon Ej; =E,
[(Gi = F2.08)=0

S

JI_T:EIT :h_T:Eh

9] G)

1 - 1 -

— Wt = 2t

9] G)

Pvz.: o = - jei viena aplinka superlaidi, o kita ne, bus tik normalinés srovés komponentés.

P = j(}E)dV = —'[ Ggrad(p)dV + J-G]:ZP )dV
% H;j v




[div(a - ) = fdiva + (agradf )]
divljo )= ediv] + | grade
(J (P) (P\_Y_,i ( )

J(igradolav :_fdiVG(P)dV = [(pas)= [ pljas)= 0

v S S

P = [(jaE, kv

Teglj turim laidZia aplinka, kur norim suzinot kaip pasiskirstgs sroves tankis:
j =oE =—ogrado

divj = —codivgradp =0

0% N o’¢ . o’¢ _ 0

A = divgrade =

ox> oy’ oz’
D=¢E j=oFE
~ - 1 = 1 =
Dip =Day — Dy =—Dy,

€1 €2
- -~ 1 = 1 =
Jin = J2n —Ejp =—E

o1 G2

D = —¢E = —sgrado 3 = oF = —ogradE

q= ! (Bas) 1= ! (jas)

1
(P1_(P2’ R ¢ -0,




Sikurinés elektromagnetinés bangos

E(Xa y,Z,t) = {ioU(X, y)—Zg iM} . ei(Wt—kz)

Ox
2 2
k:w@ 0 [2J+8_[2J:0 rotE = -iwpH
ox oy
X0 Yo Zo
~ o 0 0 OE OE OE OE
rotE=|— — —|=X Z4y X_—"Z |7 =—iwulxgH, +yoH., +ZoH
x oy oz 0 By yO( o P j 0 u( otx T Yoty 0 z)
E, 0 E,
1 0U(X,Yy)
E, = U(®x, E. =
X (X,y) z kK ox
2 2
—1wuﬁ——xoia—+§/0 —ikU+ia—U —Zoa—U
ko k ox? oy

. 2 . 2 .
+20 _1ka_U+ii6 U+iiﬁ_U .el(Wt_kZ)
ox  kox gx2 kox 8y2
02U o%u
2t~ 270
[)'e oy
divB=0

divD = edivE = 0 - Sity lyggiy netikrinam
divB = pdivH = 0

rotE = —iwpH

rotH = iweE

Jei tenkinamos $itos lygtys, tai tapatingai bus tenkinamos ir kitos (kuriy netikrinom).

Rasim kompleksini Pointingo vektoriuy:

N Xo Yo Zo
i=—|EH|=—|E, E, E,|=
2 2| N %

Hy Hy H

1 ~ * * * * ~ % *
:E{Xo(Ey HZ_EZ HYJ+S;0(EZ HX_EX HZJ_‘_ZO[EX Hy—Ey HX




2 2 2
= 1 Xol U@_U_L@_U@ U +§,i_i_a U@_U+U8_U +7 kUz—an U
k? Oxdy ox Oy ko ox?

Ci(wt—kz) _ i(Wi=(Zpk.Z2))
k vektorius nukreiptas z asies kryptimi. Norint matyti stkurius, viska reikia uzrasyti realiom dalim:
= 1 oU
E =XxyUcos(wt —kz) +zy ——sin(wt —kz

0 ( )+2 < ox ( )

2 2

H =L iola u cos(wt—kz)+y kU—la
wi | Ok axoy K ox

U _ 0U .
5 ]cos(wt -kz)+2 gsm(wt - kz)}

2
7= B =1%o - Y kU - LY |sin(wt — ke cos(wt — k) +
W k ox k px?2

2
+Y0 1019 Usin(wt—kz)cos(wt—kz)—Ua—Usin(wt—kz)cos(wt—kz) +
k ox k oxoy oy
10°U  ,
+zoU| kU —— cos” (wt —kz)
k ox?
Pasinaudojam Sitom tapatybém:
cos? x = l+lcos 2X; SinX - COSX = lsin 2x
2 2 2
2 2
io —iola—U ku- LoV sin[2(wt —kz)]+ ¥, 1U107U _;au sin[2(wt — kz)]+
2w k ox k ox? k ox k O0xoy oy
2 2
+7Ul k _1ov cos[2(wt —kz)|} + 7 L ylku-12Y
k ox? 2wp k ox?
cosa
7.

— Pointingo vektorius suksis

sina X
2 2
U=x’-y?%; 8_12J+a_12J:2_2:0
dy
o%U oU ou 02
— =0, —=2x; —=-2y; ——=2
Ox0y ox oy ox>

E= )?O(x2 — yz)cos(wt -kz)+2 2?Xsin(wt —-kz)

0= L(yok(x2 _ yz)cos(wt —kz)— Esin(wt —kz) —Z(2ysin(wt — kz))
wh

al

;{[ o2 _i]jsm[zw )= 02562 -y sinf2lov - k)] +

:2wu k2
S22 22 2 R R N A T
+Zo(x" —y )[x -y —k—chos[2(wt—kz)]}+zo Wi x“ -y )k[x -y _k_ZJ




Harmoniniai virpesiai ir neapibréztumo principas
Furje transformacija:

F(t) = —— [F(w)e™dw

V2T e
F(w)=—— [f(t)e™dt; f(t)|"dt < o
() == [ [l
—© —0
w _TCXZ . . .
I= Je dx - Gauso integralas (pasiskirstymas)
—00

® 2 ? ® 2 ® 2 XX 2 2
[J.enx dXJ = J.e_ny dy J.e_nx dx = .[ Ie_n(x ¥ )dxdy

—00 —00 —00 —00

p=x>+y?; dxdy = pdpda

) o0 5 2 02T 5 o0 ) o0 5 2) o0 -
22| [e™ax | = [ [ pe ™ dpda=2n[pe ™ dp = [ dlgp? )= [ Vdu=—4] =1

Je X ije pda njpe p Je np Ie u=-e .

—0 00 0 0 0
2

o _n(tj

Ie_nx dx =1; fity=e ‘At
—00

2 £} .
1 o0 _n(tj ) 1 o0 — TC(AJ +1wt

F(w)= e (AU oTIWhge e dt

=75 7 !

w =2nv -ciklinis daznis

t 2 t 2
o —| +i2nvt=md| — +ivAt | +vZAt?
At At

24,2
v2AL? =&; Pakeitimas : i+ivAt=X; dt = Atdx
4 At
2
1% —n(t+ivAtj _WZAtZ
F(W):\/_ J.e At e 4 dt
21 e
t 2
oo —n[—i—ivAtj
fe dt = At
—00
A w2At?
¢ -
F(w) = e 4n
V21

t t

2 2
A ) o
Tegu : fity=Ae ‘2 coswt= AEe At {elwot + e_lwot} w - fiksuotas dydis




2
ook onona, A
F(w) = A _[e nAt~e_n(W_W°)dt+ Ie At)gmmWAWo) gL —
21 v v
_(W—WO)ZA‘[2 _(W+W0)2At2
= A Atle 4n +e 47

WoAté > 27mn

woAt >>1 = Periodinis virpejimas




Vektorinis ir skaliarinis potencialas kaip 4-matis vektorius

{X,y,2,vot} - Keturmatis vektorius
Visiem stebétojam atstumas turi biiti tas pats (pereinant vektoriui i§ vienos koord. sist. i kita).

T.y.: )(2+y2+22 =S; x2+y2+22=82
I 0 0 |x X 1 0 0
X,y,z[-|0 1 O-y:x,y,z-y:x2+y2+zz; 0 1 O]-Metrinis tenzorius
0 0 1f|z z 0 0 1
1 0 0 [xp
Xiy1z1[|0 1 0-|y2|=x1x2 +y1y2 +2125
0 0 1|z,
1 00 O
Keturmatej erdvej metrinis tenzorius - 0100
0 01 O
0 0 0 -1
1 00 O0]]x
x,y,z,VOt-O o0 1Y =X2+y2+22—V%t2:SZ
01 0|z
0 0 0 —1f |vot

vo — Sitas greitis priklauso kokioj aplinkoj sklinda bangos (bangos sklidimo greitis, nieko bendro su
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