
�������� ���	
����
�
�� �������� ����� �� �������� !" #$% "&'!()"$ !

*+,-./012 31- 0-45 617810 9: 84-,;50< 9:8 =-> .10 1.?,1;16-0 7@:,-9: 81;0>5A B-1 81;,- 84-,;-< 1, C 1 410256:8 +:7;>17- 6-75 81;0>DE-31- 0-45 7:84-,;-A B:1;31-2 E:, ?-2= =-,9@:0 0-45 ?->/;21< C:1C 1F ? @:08/31-2 84-,;17=-1< 7:0 75,12 E-,5?/81< ;-? 8-1 7:1F6-756-AGHIJKL MIKNIHO PJQRSK
TUVU WXYZ[\]Y^_`U abcdebf cbg hijcklmn opcb qrst cdjupvwidmb x hijcklmy r z{b|b}clil~ bl��mp �fmpl oi uloblo � � � |ivlep rs(�) � r

(
�
)� cbl � � �f |���

� � � �� �rs(�) � r
(
�
) �� 0� cbl � � �� (�)��e�olep rs � r f � � � zbl��mp �~�abcdebf cbg hijcklmn opcb qrs t cdjupvwidmb x hijcklmy r |d��wlbl bl��mp �f mpl z{b��wljcl|poi (�) �~

sup��� �rs(�) � r
(
�
) � � 0� cbl � � ��

��e�olep rs��r f � � � zbl��mp �~�
TU�U �_����]Y_YU �~ rs(�) =

�s f � �
[0�1]

� �ivlep
rs(�) � r

(
�
) :=

�
0� � �

[0�1)
f

1� �
= 1

f
|��� hijcklmn opcb qrst cdjupvwidmb x hijcklmy r z{b|b}clil~ lj|pvub�p [0�1]

�

64

32
16

n=8

n=4

n=2

0

0.2

0.4

0.6

0.8

1

 

0.2 0.4 0.6 0.8 1
x

n=64

n=128

256

0

0.2

0.4

0.6

0.8

1

 

0.95 0.96 0.97 0.98 0.99 1
x� � ¡¢ £¤'"¥#¦% §̈ (©) = ©¨ ª © « [0¬1]

ª ­® ¯" # !¤ ° = 2¬4¬8¬ ± ± ± ¬2048²
VM³�́ µf ¶··¸ ·¹ ·�

�



� �� �������	�
� �� 

����� � ����� �� ���
���
�v rs��r lj|pvub�p [0�1]� �ivlep
sup��[0�1] �rs(�) � r

(
�
) �= sup��[0�1]

��s � � �
[0�1)

f
0� �

= 1
� = 1 �� 0� � � ��

�blwlf jdvo rs � r z{b|b}clil~f �p| rs ��� r � �b�lbi rs��0
lj|pvub�p [0��]

oi �p| cdcli � � 1
f

jpo
sup��[0��]

�rs(�) � r
(
�
) �= sup��[0��]

�rs(�) �= �s � 0� � � ��
cbl � � 1

�¶~ rs(�) =
�s ��s+1

f � �
[0�1]

� �bgb rs(�) � r
(
�
) = 0

f � �
[0�1]

� �v rs��r lj|pvub�p
[0�1]� �ivlep

sup��[0�1] �rs(�) � r
(
�
) �= sup��[0�1] ��s ��s+1 ��

�ijcklmdo l}upo|lj� (
�s ��s+1) =

��s!1 � (
�

+ 1)
�s

=
�s!1(

� � (
�

+ 1)
�
) = 0

f cbl �
= 0

lv�
=

ss+1

� �ivlep
rs(0) =

rs(1) = 0lv
rs " ��

+ 1 # = " ��
+ 1#s "1 � ��

+ 1 # = " ��
+ 1 #s 1�

+ 1
�$bgbjwl (

��(� + 1))
s � 1�% �pl 1�(� + 1) � 0

f |bl
sup��[0�1] �rs(�) �= rs " ��

+ 1 # � 0�
�blwl rs��0

lj|pvub�p [0�1]
�

n=2

32

n=16

n=8

n=4

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

 

0.2 0.4 0.6 0.8 1
x& � ¡¢ £¤'"¥#¦% §̈ (©) = ©¨ ' ©¨+1

ª
© « [0¬1]

ª ­® ¯" # !¤ ° = 2¬4¬ ± ± ± ¬64²



�� 

����� � ����� �� ���
��� �� �������	�
� �

¸~ rs(�) =
�s ��2s f � �

[0�1]
� �bgb rs(�) � r

(
�
) = 0

f � �
[0�1]

� �b��e�clep
�s: = sup��[0�1] �rs(�) � r

(
�
) �= max��[0�1] �rs(�) �= max��[0�1] rs(�)�

�bolep �s f |��� hijcklmdo rs ebcoleiey lj|pvub�p [0�1]
� $bgbjwl rs(0) =

rs(1) = 0
lv

r  s(�) =
��s!1 �2

��2s!1 =
��s!1(1 �2

�s
) = 0� cbl �

= 0
lv �

= "1

2 #1� �|bl
�s =

rs ""1

2# 1� # =
1

2
� 1

4
=

1

4
�� 0� cbl � � ��

64
n=32

n=16

n=8

n=4

n=2

n=1

0

0.05

0.1

0.15

0.2

0.25

 

0.2 0.4 0.6 0.8 1
x

n=512

n=128

n=256

1024

n=64

0

0.05

0.1

0.15

0.2

0.25

 

0.95 0.96 0.97 0.98 0.99 1
x� � ¡¢ £¤'"¥#¦% §̈ (©) = ©¨ '©2¨ ª © « [0¬1]

ª ­® ¯" # !¤ ° = 1¬2¬4¬ ± ± ± ¬1024²
TU�U �_`�_Z_U �bvclepf cbg r

: � � IR
lv �: � � IR

� �b��e�clep
	
(
r
; �) =

	�(
r
; �) := sup��� �r (

�
) ��(

�
) ���ijcklmdo 	 obu���o
�~ 	

(
r
; �) > 0;

	
(
r
; �) = 0 �� r

(
�
) = �(

�
)� � � �
¶~ 	

(
r
; �) =

	
(�;

r
)
¸~ 	

(
r
; �) 6

	
(
r
; �) +

	
(�; �)

f r�� ��: � � IR
��ijcklmdo 	 f {bol��elj�ldo |dcldelo obu���elof ubgljbedo���������� bv�b ���������� �vp³�ldml obu��� ubgljbeb ������� �� ��������� �bo|p��clepf cbgrs��r� � � � zbl��mp �~ �� 	

(
rs; r) � 0� � � ��

��� }ldo {vlp�bo|lpo gb�jbl 	 ubgljbeb |d��wbio cdjupvwbuled ep|vlcb�
TU U !"Y#Y$�`U %&'$()Y*+ `"(,` �,-�#_'` (,$�"[#_�Y^, .,/Y ([Y�"[Y*'`U0 1���2�3 4 ���� qrst ���5��6

���3 � �������� ���73 � � ��8� �� ��� ��8�9 ���

sup��� �rs(�) � r:(
�
) � � 0� ��� ��; � ��

�<�< � � = 0 >? �
IN : sup��� �rs(�) � r:(

�
) � � �� ��� ��; =? �



 �� �������	�
� �� 

����� � ����� �� ���
���
���8����< ��������� z�=��~� �vdg�ebo |dco {b| cbl{ vpb�lnmn ocbl�ln opcn b|upmif {bcpl�lbj|b|o|iey |lpo�mp |d��wbio cdjupvwbuled b|o|iei


�bloubl {bolvljclep � = 0
� �bgb {b��e�m� r

(
�
) = lims�	 rs(�)

f � � �f |ivlepf cbg
>? �

IN :
	
(
rs; r) � �

2
� cbl � = ? �

�bgb
	
(
rs; r:) 6

	
(
rs; r ) +

	
(
r
;
r:) � �

2
+

�
2

= �� cbl ��; = ? �

����������� z��=

�~� �bo|p��olepf cbg oi uloblo � � � ocbl�ln opcb qrs(�)t �vb $d}lopcb lv |dg�� cdjupvwidmb� �b��e�clep r
(
�
) = lims�	 rs(�)� � � �� �ol|lcljolepf cbg rs��r �

�bloubl {bolvljclep � = 0
� �bgb

>? �
IN : �rs(�) � r:(

�
) � � �

2
� cbl ��; = ? � � � ��

�pv�m� {vlp vl�do }ldmp jp��w���mpf cbl ; � �f wbijbepf cbg
�rs(�) � r

(
�
) �6 �

2
� cbl � = ? � � � ��

|���
sup��� �rs(�) � r

(
�
) �6 �

2
� �� cbl � = ? �

�} {boci|ljldoldo jp��w���o lv �bloud � = 0 {bolvljcled l}{�biclbf cbg rs��r bl��mp �� �
TU
U WXYZ[\]Y^_`U abcdebf cbg hijcklmnf b{l�v��|n bl��mp �f pl�i|� �	s=1

rs cdjupvwidmb bl��mp �fmpl mdo gb�ljln oien opcb ��(
�
):=

��s=1

rs(�)
f ? �

IN
f cdjupvwidmb oi uloblo � � ��

�pl opcb q�� t cdjupvwidmb |d��wlbl bl��mp �f |bl obcdebf cbg pl�i|� �	s=1

rs cdjupvwidmb|d��wlbl bl��mp ��
TUTU !"Y#Y$�`U %�"*"[/�[_`, X,]�^Y`U0 ��� �rs(�) � 6 �s � � � �9 �� �	s=1 �s � +�9 ��� �����7�	s=1

rs ���5�����3 � �������� ���73 � �<
���8����< �b��e�clep ��(

�
) =

��s=1

rs(�)
f � �

IN
f lv �bloubl {bolvljclep � = 0

� �bgb
>? �

IN :

��
s=�+1

�s � �� cbl � = � = ? �
�} �lb

���(�) � ��(�) �= ���

��
s=�+1

rs(�) ���
6

��
s=�+1

�rs(�) �6
��

s=�+1

�s � �� cbl � = � = ? �
oi uloblo � � �� �pegbelpol ��¹ |plwljlif wbijbepf cbg pl�i|�o �	s=1

rs gb�ljln oien opcb zdcbv|i lv {b|l pl�i|�~ cdjupvwidmb |d��wlbl bl��mp �� �



�� 

����� � ����� �� ���
��� �� �������	�
� 

TU�U !",["^_U �������9 ��8 rs��r ���73 � �9 � � � �� �� 5����� � �

IN
��������3 � �������7 ����

�s = lim��� rs(�)�
��8� ��������3 � ����

lim��� r
(�) = lims�	�s �

������ �������9 ������ �������� 5������� 85� ������

lim��� lims�	 rs(�) = lims�	 lim��� rs(�)�
�����	�� 
) $&��­ ¤! "&'
)®­ 
#�& �#% ®#�% !¤")#!$# ')­ �#� ² � 
����#¤#ª ' ­®#'�"#�) §̈ (�) = �¨ ª
� « (0¬1)

ª © = 1² � � lim� �
1

lim¨�� §̈ (�) = 0
ª �)$ lim¨�� lim� �

1

§̈ (�) = 1²
���8����< �bloubl {bolvljclep � = 0

� �pelbj|lo $d}l cvl|pvlmielf

>? �
IN : �rs(�) � r:(�) � � �

2
� cbl ��; = ? � � � ��

�ldmp jp��w���mp {pv�m� {vlp vl�dof cbl � ��f wbijbepf cbg
��s ��: �6 �

2
� �� cbl ��; = ? �

�bl vpl}clbf cbg ocbl�ln opcb q�s t � $d}l opcb� �b��e�clep mdo vl�y �
:= lims�	 �s �

IR
�

�ol|lcljolepf cbg lim��� r
(�) =

�� �upv|ljolep oclv|iey
�r(�) �� �6 �r (�) � rs(�) �+ �rs(�) ��s �+ ��s �� �� � � �� � �

IN�
��� �bloubl {bolvljcbep � = 0

� �bgb
>? �

IN : �rs(�) � r
(�) � � �

3
� � � �� lv ��s �� � � �

3
� cbl � = ? �

�} �lb
�r(�) �� � � 2�

3
+ �rs(�) ��s �� cbl � � �� � =? ��lcoidclep �p| cdcx �
0
= ? � �bgb

> � = 0 : �rs
0
(�) ��s

0
� � �

3
� cbl

0 � �� �� � � �� � � ��
�} �lb

�r(�) �� � � 2�
3

+
�
3

= �� cbl
0 � �� �� � � �� � � ��

�bl vpl}clbf cbg lim��� r
(�) =

�� �
TU�U  /�_�_U ��� rs � !

(�)9 � �
IN9 �� rs��r ���73 � �9 ��� r � !

(�)<



T �� �������	�
� �� 

����� � ����� �� ���
���
���8����< �b�e� ��� |pdvpedmp � � � � � lv

�s = lim��� rs(�) =
rs(�)�wbijbep

lim��� r
(�) 6�7

== lims�	 rs(�) =
r
(
�
)�

�pl � � ��� f |bl |b}cp � �p| cdclb hijcklmb zcbv|i � lv hijcklmb r~ �vb |d��gl� �
TU�U �_`�_Z_U �|ulvc}|ljlo |plwlj�o ��� l}ubgbl j�vb |ploljwbo
 mpl rs � r � !

(�)
lv rs � r f � � �f|bl jp��|ljbl rs��r z�v� ��¶�¸ {bu��gx~� �b�lbi �vb |ploljwbo |dco |plwlj�o


TUV�U !",["^_U %�Y$Y, -"^_U0 ��� ��������	�� 
 ���2�3 4 ���� rs � !
[� ��]� (

� �
IN)9 ���5�����3 � �


 ���2�3
 r � !
[� ��] �����5��� [� ��]9 ��� qrs t ���5�����3 � ��������<

���8����< �{l�v��|ied g��pl |bvclepf cbg opcb qrs t �vb eb��mbj|l� �b��e�clep �s :=
rs �r �

!
[� ��]� �bgb �s � 0

f � �
[� ��]� �plclb xvdg�|lf cbg �s��0

� �bloubl {bolvljclep � = 0
� � �bgboi uloblo � �

[� ��]
>�� = 0 : �s� (�) � ��

��� �s� |d��gied |b}cp �
> �� = 0 : �s� (�) � �� cbl � � ��� (�) � [� ��]��clubl�gif cbg
�

��[� ��] ��� (�) � [� ��]�
�pelbj|lo |pdvpeb b{lp �blw|ljx gpjwljxf wb�leb l}vljc|l �blw|ljx ocbl�ln |b}cn

�
1 ��2 � � � � ��� �

[� ��] :
���

1
(
�
1) � ���

2
(
�
2) � � � � � ���� (��) � [� ��]�

�b��e�clep ? := max
q��

1
� � � � ���� t �

IN
� �eclep �p| cdclio � = ? lv � �

[� ��]� �bgb
> � : � � ���� � �} �lb g�� opcdo q�s t eb��mled �s(�) 6

��(�) 6
�s�� (�) � �� �blwl

0 6
�s(�) � �� cbl � �

[� ��]� � =? ��bl lv vpl}clbf cbg �s��0
� �

�����	�� �'$)®
 �& ¤�� ®¤� ! �® )!�#'� !���­ ² � 
����#¤#ª ©¨ �
0
ª © « [0¬1)

ª �)$ "&'
)®­ 
#� ! '�® $&��­¤!ª ')! sup��[0;1) �©¨ '
0 �= 1  ! 0 "�®² #²$²% ( 
���&'²TUVVU ("^_U )�������3 � 8���������4 ������� *s�� 9 � �

IN9 + = 0�1�2� � � � ��9 ����,������ ��5��7�����~ *s��(�) > 0� � �
[0�1]� ���+-¶~ s�

�
=0

*s��(�) . 1� � �
IN-

¸~ �s := max��[0�1]
s�

�
=0

"+� ��#2*s��(�) � 09 � � �<



�� 

����� � ����� �� ���
��� �� �������	�
� �

���8����< �li|djd �ljded hdvei��mp
(� + �)s =

s�
�
=0

��
+����s!� � ��

+� =

�
!

+!(� � +)! �{b�e� � =
� lv � = 1 ��f wbijbep

1 =

s�
�
=0

��
+���

(1 ��
)
s!� �

�b��e�clep
*s��(�) =

��
+���

(1 ��
)
s!� �

0

0.2

0.4

0.6

0.8

1

y

0.2 0.4 0.6 0.8 1
x� � ¡¢ � ¤­# ' ®# # �¨�� ª ° = 20

ª �
= 0¬1¬2¬ ± ± ± ¬10²

�biwlbjbvlbl *s�� bclubl�g�lbl |pjcljb {lveymy lv bj|vymy �pedmp oihdvei�id|bo obu��po��lpcb {b|lcvlj|l |vp�lymy� �boljbigdm� hdvei�p +	s�
 =
�	s!1�!1


� + > 1
f |ivlep

s�
�
=0

+*s��(�) =

s�
�
=1

+
��
+���

(1 ��
)
s!�

=
� � s�

�
=1

��� �1

+ �1���!1(1 ��
)(
s!1)!(

�!1)

=
�� � s!1�

�
=0

�� �1

+ ���
(1 ��

)(
s!1)!�

=
�� � s!1�

�
=0

*s!1��(�) =
�� �

(�)

�jb�dwl}cblf {boljbigdm� hdvei�p +(+ �1)	s�
 =
�
(
� �1)	s!2�!2


� + > 2
f wbijbep ��w���

s�
�
=0

+(+ �1)
*s��(�) =

�
(
� �1)

�2 �



� �� �������	�
� �� 

����� � ����� �� ���
���
aig�m� }ly lv {vlp} |bl wbi|y ��w��pof |iv�oleps�

�
=0

+2*s��(�) =
�
(
� �1)

�2 +
�� � (��)

�pegbelpol bj|vymb obu��p lv ��w���elo
(�) �pl (��)f wbijbeps�

�
=1

"+� ��#2*s��(�) =
1�
2

s�
�
=0

(+2 �2+�� +
�2�2)

*s��(�)

=
1�
2 ��(

� �1)
�2 +

�� �2
�� ���

+
�2�2 �1�

=

�� ���2�
2

=

�
(1 ��

)� � � �
[0�1]��dg��

�s = max��[0�1]
�
(1 ��

)� =
1

4
� � 0� � � �� �

TUV�U !",["^_U %�"*"[/�[_`, �",["^_ _XY" �,-��]Y+ �'$()Y*+ _X[,(`Y^_�Y^� �_'#Y_$_[Y_Y`U0 ���������
 ���2�3 �� r � !
[� ��] ��������3 � 8���������4 ���� q*s t9 ���5�����3 ���� �������� z�����5���

[� ��]~ � 
 ���2�3
 r <
���8����< �vbg�ldmp |bvolepf cbg r � !

[0�1]
� �b��e�clep � := sup��[0�1] �r (

�
) � lv

*s(�) :=

s�
�
=0

r "+�#*s��(�)� � �
[0�1]� � �

IN�
�biwlbjbvlbl *s ubgljbel hijcklmdo r �pvj}|pljd gbiwlbjbvlblo� �vdg�olepf cbg *s��r lj|pvub�p
[0�1]

� � {buplco�p eb|dep |d��g�lyf �p| jpglhpvpjklmidmbey z�cbe{id|y�~ hijcklmy lv cp�lo myb{vdcoleidmbj�lio �pvj}|pljd gbiwlbjbvlio�

0.4

0.6

0.8

1

1.2

1.4

0 0.2 0.4 0.6 0.8 1
x� � ¡¢ £¤'"¥#¦ §(©) = 2

'
3 �© '

2 �+ 4 �© '
7 �+ 5 �© '

5 �#® ¦&! 
)®'�$)#'& � ¤­# ' ®# # �¨ ª ° = 10¬50¬200²



�� 

����� � ����� �� ���
��� �� �������	�
� �

�bloubl {bolvljclep � = 0
� $bgbjwl hijcklmb r �vb |d��wlbl |d��gl lj|pvub�p [0�1]

f |bl
> � = 0 : �r (

�
) � r

(�) � � �
2
� cbl �� � � � � �� � �� �

[0�1]�
�upv|ljolep oclv|iey

�r(
�
) � *s(�) �= ���

s�
�
=0

r
(
�
)
*s��(�) �

s�
�
=0

r "+�#*s��(�) ���
= ���

s�
�
=0

"r(
�
) �r "+�##*s��(�) ���

6

s�
�
=0

���
r
(
�
) � r "+�# ��� � *s��(�)

=
�

�
: �
�
� !� ��� ���

r
(
�
) � r "+�# ��� � *s��(�) +

�
�
: �
�
� !� �> � ���

r
(
�
) � r "�+ # ��� � *s��(�)

6

�
2

� �
�
: �
�
�!� ���

*s��(�) + 2� � �
�
: �
�
� !� �> �

*s��(�)

6

�
2

+ 2� � �
�
: �
�
�!� �> �

"�s ��#2

�2
*s��(�)

6

�
2

+
2�
�2

� s�
�
=0

"+� ��#2*s��(�) 6

�
2

+
2�
�2

� �s � � �
[0�1]�$bgbjwl �s � 0

f � � �f |bl
>? �

IN :
2�
�2 �s � �

2
� cbl � =? �

|dg��
sup��[0�1] �r(

�
) � *s(�) � � �� cbl � = ? � �blwl *s��r lj|pvub�p [0�1]

�
�b�bv jbwvlj�clep �pjgvy b|upmxf |��� r � !

[� ��]� �b��e�clep �r(
�
) :=

r
(� + (� � �)

�
)
f� �

[0�1]
� �l}cif cbg �r � !

[0�1]
� �pelbj|lo {vlp} |bl xvdg�|if pw�lo|idmb gbiwlbjbvln opcbq�*s t : �*s���r lj|pvub�p [� ��]��b��e�clep

*s(�) := �*s "� � �
� � � #� � �

[� ��]��l}cif cbg *s � gbiwlbjbvlbl� �p |df
sup��[� ��] �r(

�
) � *s(�) �= sup��[� ��] ����r "� � �

� � � # � �*s "� ��
� �� # ���= sup��[0�1] ��r(�) � �*s(�) � � 0�

cbl � � �� �
TUV�U !"Y#Y$�`U %&'$()Y*+ `"(+ Y[ "Y-'�Y+ �Y�"["$)Y*_�Y^_`U0�~ �������9 ��8b~ rs � !1[� ��]9 � �

IN9�~ > lims�	 rs(�)
�

IR9



V� �� �������	�
� �� 

����� � ����� �� ���
���
k~ r  s��� �����5��� [� ��]<��8� ��������3 � r

:= lims�	 rs � !1[� ��] z���5����5���� �������~ ��
r  (�) = lims�	 r  s(�) 	= �(

�
)
� � �

[� ��]�
¶~ �������9 ��8b~ rs � !1[� ��]9 � �

IN9�~ ������4 �����7 �	s=1

rs(�)
���5�����3 �9k~ 
 ���2�3 4 �����7 �	s=1

r  s ���5�����3 � �������� �����5��� [� ��]<��8� 
 ���2�3 4 �����7 �	s=1

rs ���� ��� ���5�����3 � �������� ��� 	�
s=1

rs(�)� 
=

	�
s=1

r  s(�)� � �
[� ��]�

�����	��² %' �#)$&¦) $ �"& � ­ �#� #�$# �)$ "&"& #'$)®
 �& [
� ¬�] $ �"�²$' �$ # ( (® !$ ! ( 
�����#!ª ®&� '$#!ª " � #�
)!$#'#% "&'
)®­ 
#�& !���­ )!�#'�� 1¨ sin °©!!0

ª° ! �ª �)$ ( 1¨ sin °©)	 = cos °© "&'
)®­¤&¦  ª " # ° ! �ª $#" 
#)' �) $ �") © = 0²
���8����<�~ �b��e�clep

r
(
�
) := lims�	 rs(�) + 
 �� �(�) 	 � � � �

[� ��]�
�bgb r  (�) = �(

�
)
f � �

[� ��]f lvrs(�) � r
(
�
) = 	rs(�) � rs(�)
 � 	r(

�
) � r

(�)
 + 	rs(�) � r
(�)
��

== 
 �� r  s(�) 	 � � 
 �� r  (�) 	 � + 	rs(�) � r
(�)


= 
 �� 	r  s(�) � r  (�)
 	 � + 	rs(�) � r
(�)
�$bgbjwl rs(�) � r

(�)
f � � �f |bl {bcbjcb xol|lclj|lf cbg lj|pwvb�bo oi clj|bei ulv}i|ljliv��li cdjupvwidmb x

0
|d��wlbl lj|pvub�p [� ��]� �b��e�clep

�s := sup��[� ��] ��r  s(�) � r  (�) ��� 0� � � ��
�bgb

sup��[� ��] �����

�� 	r  s(�) �r  (�)
 	 � �����6 sup��[� ��] 
 �� ��

r  s(�) �r  (�) ��	 �

6 sup��[� ��] 
 �� �s 	 � = sup��[� ��] �s(� � �) = �s(� � �) � 0� � � ��
¶~ �bcbjcb {vl|blc�|l {lveymy gb�x pl�i|�o gb�ljln oien opcbl� �



�� 

����� � ����� �� ���
��� �� �������	�
� VV
TUV U WXYZ[\]Y^_`U �bl{ojljp pl�i|p ubgljbeb hijcklmn pl�i|�f |ivlj|l {bulgb�y

	�
s=0

�s(� � �)
s
;

�lb � �
IR� �s �

IR� � �
IN � q

0t� acbl�lbl �s ubgljbel �bl{ojlj�o pl�i|�o cdp�klpj|blof � �kpj|vi�
TUV
U !"Y#Y$�`U ���������� ������� 	�s=0

�s(� � �)
s ��,��7����

�
:=

1

lims�	 ����s �
�

[0�+�]�
��8�
�~ ��������7 �����7 	�s=0

�s(� ��)
s ���5�����3 � �����������9 ��� �� �� � � �9 �� 8�5�����3 �9 ���

�� � � � = �<1¶~ ��� ��������3 � ���� � := lims�	 ���
����
+1

���
9 ��� � =

�<
�����	�� � 
 �#' � ! � #(!'#'�! )#�¤$�! "&'
)®­ 
#�& !(#'�¤�#¤ª & #'$)®
 � ! (

� ' �;
�

+ �) � � #(!'#'�!)#�¤$�! "&'
)®­ 
#�& #'$)®
 �¤² � # � = +�ª ¦&! "&'
)®­ 
#�& #'$)®
 � ! �® 
#! !" #�#% $#)!� IR²
���8����< �~ �peole�o pl�i�ln cdjupvwbuled $d}l {d��eli


	 := lims�	 �
 ��s � � �� � � �s = �� � � � lims�	 �
 ��s � � 1� cbl �� � � � � ��lv 	 = 1
f cbl �� � � � = �� �dg�� pl�i|� cdjupvwidmb b�od�li�lblf cbl �� � � � � �f lv glupvwidmbfcbl �� � � � = ��¶~ �peole�o �b�be�pvd {d��eli


lims�	 ���
�s+1(

� � �)
s+1

�s(� � �)
s ���

= �� �� � � lims�	 ���
�s+1

�s ���
=

�� � � �
lims�	 ���

��
+1�� ���

=
�� � � �� �

�dg�� pl�i|� cdjupvwidmb b�od�li�lblf cbl �� �� � � � f lv glupvwidmbf cbl �� �� � = � � �b��wlj�}x hbc|y oi {lveymb gb�lelf wbijbepf cbg �
=

� � �
TUVTU �_����]Y_YU

�~ 	�s=0

��s! � �ldo pl�i|�o cdjupvwbuled o{ljgi��o ��wio
�

=
1

lims�	 �� 1s! = lims�	 ���
! = +��

´l�i|�o cdjupvwbuled lj|pvub�bo �vb IR
�

1 �
� �� � � �= �� �
���� ��
���� 
����
� 



V� �� �������	�
� �� 

����� � ����� �� ���
���
¶~ 	�s=0

��s � �ldo pl�i|�o cdjupvwbuled o{ljgi��o ��wio
�

=
1

lims�	 ��1s = lims�	 ���
= 1�

�blwl pl�i|�o cdjupvwbuled lj|pvub�bo �vb (�1�1)
� �j|pvub�d wb�io �

= �1 vplclb l}|lv|l b|oclvbl��b}cp �
= 1 pl�i|� �	s=0

��s =
�	s=0

1s z�bvedjlj� pl�i|�~ glupvwidmbf d |b}cp �
= �1 pl�i|�

�	s=0

��s =
�	s=0

(!1)
�s cdjupvwidmb {bwb� �pl�jlkd {d��ex
 �p |df ml cdjupvwidmb vp�lb|�ulblf jpo

edgi�ln pl�i|�o oieb �	s=0 ���
(!1)

�s ���
=

�	s=0
1s = +�� �dg�� pl�i|�o cdjupvwbuled lj|pvub�bo�vb (�1; 1)

f d cdjupvwbuled bl�� �vb [�1; 1)
�

¶�~ 	�s=1

��s� z	 = 1
~� $djupvwbuled lj|pvub�bo (�1; 1)

f d cdjupvwbuled bl�� � [�1; 1]z|b}cidop �
= �1 pl�i|� }xcbv| cdjupvwidmb b�od�li�lbl~�

¸~ 	�s=1

�s�s z�
= 0

~� $djupvwbuled lj|pvub�bo �vb �f d cdjupvwbuled bl�� � q
0t�

TUV�U !"Y#Y$�`U �������9 ��8 	�s=0

�s(� � �)
s ��� ��������7 �����7 �� ���5����5��� �� ��8���� � = 0

��

0 � �̃ � �< ��8�
�~ �����7 	�s=0

�s(� � �)
s ���5�����3 � �������� �����5��� [� � �̃�� +

�̃
]-

¶~ �����7� ���� r
(
�
) =

	�s=0

�s(� � �)
s ��� ����8� 
 ���2�3 � �����5��� (� � ��� +

�
)<

���8����< �~ ��s(� � �)
s � 6 ��s ��̃s f � �

[� � �̃�� +
�̃

]
� �pelbj|lo ��� |plwljli z�pmpv}|vb³od {d��eli~f {bcbjcb xol|lclj|lf cbg 	�s=0

��s ��̃s � +�� �vl|blc� $d}l {d��exf |ivlepf cbg
lims�	 �� ��s ��̃s

=
�̃� � 1

� �dg�� pl�i|� cdjupvwidmb�
¶~ �eclep �p| cdcx |b}cy � �

(� � ��� +
�

)
z�� � � � � �~� �be b|olvbo |dco �̃ � �f oicivlid �� � � � � �̃� �pelbj|lo ��� l}ubgbf r �vb |d��gl lj|pvub�p [� � �̃�� +

�̃
]
f |dg�� b|oclvib|upmi ml |d��gl lv |b}cp � �

(� � ��� +
�

)
� �

TUV�U  /�_�_U %(_YX`$Y$\` �'$()Y*,` �Y�"["$)Y*_�Y^_` Y[ Y$�"#[_�Y^_` X_$_[Y'YU0 ��������� ������
������ 8�
 ����2�3 ���� �� ���������� �������� 3 �� ���5����5��� �����5���� 3 �� �	s=0 �s(� � �)

s �
��������7 �����7 �� ���5����5��� �� ��8���� �9 ���� 	�

s=0

�s(� � �)
s� 

=

	�
s=1

��s(� � �)
s!1 � � �

(� � ��� +
�

)�
��


 ��
� 	�
s=0

�s(� � �)
s� 	 � =

	�
s=0

�s�
+ 1

(
� � �)

s+1 � � �
(� � ��� +

�
)�



�� 

����� � ����� �� ���
��� �� �������	�
� ��
���8����< �}upo|ljln pl�i|�o �	s=1

��s(� � �)
s!1 cdjupvwbuled o{ljgi��o �vb ��wio

� =
1

lims �����s � =
1

lims ����s � =
��

|bl �vbf mlo oi|be{b oi jbwvlj�mbedo pl�i|�o cdjupvwbuled o{ljgi�li� �dg�� l}upo|ljln pl�i|�cdjupvwidmb |d��wlbl clpculpjbep lj|pvub�p (������+
��
)
oi 0 � �� � �� �pelbj|lo ���̧ |plwljlif�bl{ojlj� pl�i|� wb�leb glhpvpjklmid|l {bjbvlil clpculpjbep |dclbep lj|pvub�pf |blwl lv ulobeplj|pvub�p (� � ��� +

�
)
�

�j|pwvbuled {bjbvlil |plo�|iebo xvdgdebo {bjb}lbl
 cbgbjwl �bl{ojlj� pl�i|� �p| cdclbeplj|pvub�p [� � ���� + ��] � (� � ��� +
�

)
cdjupvwidmb |d��wlblf |dg�� mbep my wb�leb lj|pwvid|l{bjbvlil�2 �dg�� |bl wb�leb gbv�|l lv ulobep lj|pvub�p (� � ��� +

�
)
� �

TUV�U �_����]Y_YU�~ �bwvlj�clep �bl{ojlj� pl�i|� r
(
�
) :=

�	s=1

��s f � �
(�1�1)

� $djupvwbuled lj|pvub�p
(�1�1)

my wb�lep glhpvpjklmid|l {bjbvlil

r  (�) =

	�
s=1

�s!1 =
1

1 �� � � �
(�1�1)�

�j|pwvidgbel wbi|ymy ��w���f wbijbep
r
(
�
)
��
==

r
(0) + 
 �

0

r  (�) 	 � =
r
(0) + 
 �

0

1

1 � �
	 � = �ln(1 ��

)� � �
(�1�1)�

�lp|dmp � xvb}� ��f wbijbep mbi {b�xo|bey hdvei��
ln(1 +

�
) = �r

(��
) =

	�
s=1

(�1)
s+1� �s � � �

(�1�1)�
¶~ �bjbvlil lj|pwvidgbel �bl{ojlj� pl�i|�
r
(
�
) =

	�
s=0

(
�

+ 1)
�s � � �

(�1�1)�
wbijbep


 �
0

r
(�) 	 � = 
 �

0

� 	�
s=0

(
�

+ 1)�s�	 � =

	�
s=0

(
�

+ 1) 
 �
0

�s	 �

=

	�
s=0

�s+1 =

�
1 �� � � �

(�1�1)�
�b�bv glhpvpjklmidgbel wbijbep

r
(
�
) = " �

1 �� # 
=

1

(1 ��
)2

� � �
(�1�1)�

2 ������������ ������
�� �
���� �[� 	
] � �¨

� � �
[� 	
] =

� � �� �¨ 
 � �� � �� ����
������� �� ������� �
��������� ���
� 



V �� �������	�
� �� 

����� � ����� �� ���
���
TU��U WXYZ[\]Y^_`U �p| cdclbe lj|pvub�il � � IR

��e�olep �(
�
)

bl�� ulon hijcklmn r
:
� � IR

fjp|ivlj�ln bj|vd |l{d |v�cld |b}cn lj|pvub�p � � �dclbo hijcklmbo ubgljolep vpwi�lbvldelo�
�����	��� %' �'$)®
 �& � ­ �¤&!) ®)#" � ¤¦ � � #­$#'#% 
#)'(¤!#% ®#�% )­�#!$ 
#�& "¦)# $#) ­ � # (®#"� ¤!&�'² $' �

[
� ¬�]: = �

([
� ¬�])ª �[0¬+�):=

�
([0¬+�))

#® $²$²�' �"#
 #��¤ª " � �
[
� ¬�] � �

[
� ¬�]²

� � ¡¢ £¤'"¥#¦ § « �
[
� ¬�]²TU�VU !"Y#Y$�`U ��� ���� �(

�
) 	 rs��r �����5��� �9 ��� r � �(

�
) 
������ �������9 �(

�
) ��� �,8���

�������� ���5����5��� ��,5�����<�
���8����< �vdgdeb cbl{ ��� l}ubgbf |lc ulp|dmp �s = lim��� rs(�) =

rs(�) vplclb le|l �s: =
lim���+0

rs(�) bv�b �s: = lim���!0

rs(�)� �
TU��U WXYZ[\]Y^_`U �ijcklmb r

: [� ��] � IR ubgljbeb � �bl{|ljpf mpl lj|pvub�y [� ��] wb�leb |bl{ oiocbl³g�|l x �blw|ljx ocbl�ln lj|pvub�n �� f + = 1�2� � � � �; z
[� ��] = 
:�

=1

�� lv �� � ���
=

�f cbl + �= + ~fcbg clpculpjbep l} }ln lj|pvub�n �� hijcklmb r �vb {bo|dulf |��� pw�lo|idmb |dcldo cdjo|bj|do �
� f

+ = 1�2� � � � �;f cbg r
(
�
) = �

� f � � �� f + = 1�2� � � � �;� �j|pvub�bl �� ubgljbel hijcklmdo r{bo|duied lj|pvub�blo�3
�lon �bl{|ljln hijcklmn c�bo� ��e�olep �

[� ��]� �clubl�gif cbg �
[� ��] ��[� ��]�

� � ¡¢ £¤'"¥#¦ � « �[� ¬�]²
�����	�² �)�# '$#! #²$% $)#­#'#¤ª ¦)# �[� ¬�] � §̈ !!§ ª $ # § « �

[
� ¬�]² ���# ¤ "#²$� $)&®)� ' ( � $�!#�)ª" � $&��­#&! � #($#'#% �¤'"¥#¦% ®#�&! �#�!)�# � 
#!� "� !� �

[
� ¬�]²

3 ��
 �����
��� 
��� ��� �
����
 ���
�� ������
�� [� 	�]  



�� 

����� � ����� �� ���
��� �� �������	�
� V

TU��U !"Y#Y$�`U ��������9 r � !

[� ��]< �� ���7,���� ���� ����4 
 ���2�3 4 ���
 q�s t �����7���

�s(�) :=

�r 	�s� 
� ��� � � ��s� ��s�+1

f + = 0�1� � � � �� �1

fr
(�)� ��� �

=
�ss = �


�s�
:= � +

� � �� + � + = 0�1�2� � � � ���
��8� �s��r �����5��� [� ��]9 �<�< ���� q�s t ���5�����3 � � r �������� �����5��� [� ��]<

� � ¡¢ �&����#&!#&! �¤'"¥#¦&!  (®&"!#� 
#� ! � #($#'��#! �¤'"¥#¦&�#!²
���8����< �bloubl {bolvljclep � = 0

� $bgbjwl r �vb |d��wlbl |d��gl lj|pvub�p [� ��] z$bj|dvd|pdvpeb~f |bl b|olvbo |dco � = 0
f cbg

��
r
(
�
) � r

(�) �� � �� cbl �� � � � � �� � �� �
[� ��]�

�b�e� |dcx ? �
IN

f cbg �!�� � �f wbijbepf cbg oi uloblo � �
[� ��] |ivlep ��s(�) �r

(
�
) � � �fcbl � = ? � �} |lcvnmnf mpl � =? f |bl �p| cdclbe |b}cil � �

[� ��) {bleclep lj|pvub�y [
�s� ��s�+1)

fcivlbe mlo {vlc�biod� �bgb ��s� � � � � �f lv |dg�� ��s(�) � r
(
�
) � = �r(

�s�
) � r

(
�
) � � �� �|b}cp �

= � ulobgb |ivlep �s(�) � r
(�) = 0 � �� �bl lv vpl}clbf cbg �s��r lj|pvub�p [� ��] z?{bolvljclebo {vlc�biod |lc jid � = 0
lv jp{vlc�biod jid � �

[� ��]~� �
TU� U �_`�_Z_U �} |pdvpedo xvdg�ed jpoijci eb|�|lf cbg |d��wio cdjupvwbulebo �s��r lj|pvub�p

[� ��] l}�lcof mpl z�v� �b {bu�~
b~ ulp|dmp |b}cn �s�
= � +

�!�s f oiocblgbj�ln lj|pvub�y [� ��] x � ulpjdgd l�wld �!�s lj|pvub�n
[
�s� ��s�+1]

f + = 0�1� � � � �� � 1
f leolep �p| cdclio |b}cio � =

�s
0 � �s

1 � � � � � �s�� = �f� �
IN

f |pjcljbj�lio oy��wy
max

06

�
6

��!1
��
�s�

+1 ��s� ��� 0� cbl � � �;

�~ �bl{|lj�o hijcklmdo �s vplc}epo b{l�v�}lep jp hijcklmdo r vplc}e�elo ������������� b|l³|ljcbed ocblgljld lj|pvub�n [
�s� ��s�+1]

wb�idopf d ��� �������� |n lj|pvub�n |b}cidop �s� �
[
�s� ��s�+1]

f |��� leolep
�s(�) :=

�r 	�s� 
� cbl � � ��s� ��s�+1

f + = 0�1� � � � �� �1

fr
(�)� cbl �

=
�s�� = ��



VT �� �������	�
� �� 

����� � ����� �� ���
���

�  � ¡¢ 
)'�®)!'#! $&����#&!#&! �¤'"¥#¦&!  (®&"!#� 
#� ! � #($#'��#! �¤'"¥#¦&�#!²
TU�
U !",["^_U�~ ��� ������ 
 ���2�3 �� r � �[� ��] ��������3 � ���� ����4 
 ���2�3 4 ���� q�s t � �

[� ��]9 ���65�����3 ���� � r �������� �����5��� [� ��]<¶~ ����5����� 
 ���2�3 �� r � �[� ��] ������ ��	�4 ���7 ��� �������7 ���� ������<¸~ ����5���� 
 ���2�3 � r � �[� ��] ��� ���7,��<
���8����<�~ �eclep �p| cdcly hijcklmy r � �[� ��]� �bloubl {bolvljclep � = 0

� �bgb oi clpculpji� �
[� ��] b|olvbo |dco �� = 0

f cbg
��
r
(�) � r

(
�

+ 0) �� � �
2
� cbl � �

(
� �� + �� ) � [� ��]�

lv
��
r
(�) � r

(
� �0) �� � �

2
� cbl � �

(
� � �� ��) � [� ��]�$bgbjwl

�
��[� ��] ��� (�) =

�
��[� ��](� � �� �� + ��) � [� ��]�

|blf vpelbj|lo lj|pvub�d [� ��] cde{bc|l}ciei z|pdvpeb b{lp �blw|ljx gpjwljx~f b|olvbo |dclp �
1
f�

2 � � � � ��s �
[� ��]f cbg

���
1
(
�
1) � ���

2
(
�
2) � � � � � ���� (�s) � [� ��]�

�eclep bl�� q�0 ��1 � � � � ��� tf oigbv�|y l} ocbl�ln � f �f �� f ������ f ��+��� f {vlc�biobj�ln lj|pvub�il
[� ��] lv oivb}�|n glg�mled |ubvcb
 � = �0 � �1 � � � � � �� = ���{l�v��clep hijcklmy � � �

[� ��] }ldelo ��w���elo

�(��) :=

r
(��)� � = 0�1� � � � �+;�(

�
) :=

r
(��)� cbl � �

(��!1 ���);�lb �� � �p| cdco �coid|bo |b}cbo l} lj|pvub�d (��!1 ���)
z{bu��g�lilf �� = 1

2
(��!1 + ��)

~�



�� 

����� � ����� �� ���
��� �� �������	�
� V�
�bgb ��(

�
) � r

(
�
) � � � oi uloblo � �

[� ��]� �} |lcvnmnf leclep �p| cdcx |b}cy � �
[� ��]��pl �

= �� (� = 0�1� � � � �+)f |bl ��(
�
) � r

(
�
) � = 0 � �� �pl � �

(��!1 ���)
f |bl b|olvbo |dco � fcbg

(��!1 ���) � (
�� ��� + ��� ) (1)bv�b

(��!1 ���) � (
�� � ��� ���)� (2)�bvclepf cbgf {bu��g�lilf |ploljwbo z�~ b|upmlo� �bgb

��
�(

�
) � r

(
�
) ��= ��

r
(��) � r

(
�
) ��

6 ��
r
(��) � r

(
�� + 0) ��+ ��

r
(
�� + 0) � r

(
�
) ��� �

2
+

�
2

= ��
jpo 0 � �� ��� � �� ��� � ��� lv 0 � � ��� � ��� ��blwl �bloubl {bolvljc|be � = 0

oigbv�ep |dcly hijcklmy � � �
[� ��]f cbg oi uloblo � �

[� ��]�vb |ploljwb jp��w��� ��(
�
) � r

(
�
) � � �� �egbel � = 1s � �

= 1�2� � � � f wbiolep |dcly opcyq�s t � �
[� ��]f cbg ��s(�) � r

(
�
) � � 1s f � �

[� ��]f � �
IN

� �l}cif cbg �s��r lj|pvub�p [� ��]�¶~ �bwvlj�clep hijcklmy r � �[� ��] lv bjco�lbi oigbv�|y opcy q�s t � �
[� ��] (�s��r

)
�$lpculpjdo hijcklmdo �s |v�cld |b}cn bl�� �s zoigbv�|b l} {bo|duied lj|pvub�n wb�n~ �vb �blw|lj��

�lodo hijcklmdo �s �vb |d��g�ldo bl��mp �
= [� ��]�(
	s=1

�s)� �dg�� lv r �vb |d��gl bl��mp �z|d��wlbl cdjupvwidmbj�ldo |d��g�ln |b}cp hijcklmn opcdo vl�b � |bl{ {b| |d��gl |bep |b}cp~� �blvpl}clbf cbg hijcklmb r wb�l |iv�|l |v�cx |lc bl��o �
= 
	s=1

�s |b}cidop� $bgbjwl bl�� � �vb�blw|lj� bv�b ocbl|l z�blw|ljln bl�ln ocbl|l oymijwb~f |bl |plwlj�o xvdg�|bo�¸~ �p| cdclbl hijcklmbl r � �[� ��] leclep |dcly hijcklmy � � �
[� ��]f cbg

��
r
(
�
) ��(

�
) ��6 1� � �

[� ��]�
�bl{|lj� hijcklmb xw�mb |lc �blw|ljx ocbl�ln vplc}eln� �dg�� wb�lep {b��e�|l
� := max��[� ��] ��(

�
) � � +��

�} �lb wbijbep
��
r
(
�
) ��6 ��

�(
�
) ��+ 1 6

� + 1� � �
[� ��]� �


